Background: Meticulous modeling of neutrino-nucleus interactions is essential to achieve the unprecedented precision goals of present and future accelerator-based neutrino-oscillation experiments.
I. INTRODUCTION
The study of neutrino oscillations is moving into an era of precision with an intense enhancement in the activities of accelerator-based neutrino-oscillation experiments. Substantial progress has been made in the determination of the mass-squared differences and mixing angles. However, in order to improve the precision of the analysis, a rigorous description of neutrino-nucleus cross sections is required. The progress and issues related to the cross sections in this context were recently reviewed in Refs. [1] [2] [3] . In recent years, several collaborations have reported muon neutrino cross sections on nuclei . The challenges faced in these efforts, and especially those related to the neutrino-nucleus signal in the detector, need detailed microscopic neutrino-interaction models that can describe the variety of nuclear effects over the broad kinematical range probed. A thorough comparison of the cross-section measurements with theoretical predictions is crucial to assess the role of nuclear effects in the target's response and to reduce the systematic uncertainties in the extraction of the oscillation parameters.
In this work, we aim at discussing the results of calculations for charged-current (CC) ν µ andν µ scattering on 12 C, at the kinematics of the MiniBooNE and T2K exper- * Vishvas.Pandey@UGent.be iments. In particular, we focus on comparing our calculations with charged-current quasi elastic (CCQE) ν µ and ν µ measurements of MiniBooNE [4, 11] , and inclusive and CCQE ν µ measurements of (off-axis near detector ND280) T2K [12, 24] . One of the major objectives of this work is the investigation of the role of neutrino-induced low-energy nuclear collective excitations in MiniBooNE and T2K's signal. To this end we adopt a continuum random-phase approximation (CRPA) model.
The article is organized as follows. In Section II, we briefly discuss the main ingredients of our model. Sec. III is divided in three parts: We compare the flux-folded double-differential CRPA cross sections with the measurements of MiniBooNE and T2K in Sec. III A. In order to asses the contributions stemming from low-energy nuclear excitations, we discuss the specific case of forward muon scattering bins in Sec. III B. In Sec. III C, we show flux-unfolded total cross sections. The conclusions are presented in Sec. IV.
II. FORMALISM
The CRPA model was originally developed to describe exclusive electron-and photo-induced nucleon knockout reactions [26, 27] . The model was later used to predict neutrino scattering at supernova energies both in charged-current (CC) and neutral-current (NC) reactions [28] [29] [30] [31] . The formalism was further extended to the QE reaction region and successfully tested against electron-scattering data for a variety of nuclear targets in the QE region [32] [33] [34] . Here, we briefly summarize the essence of our model. The starting point of the description of the nuclear dynamics is a mean field (MF). We solve the Hartree-Fock (HF) equations using the Skyrme SkE2 nucleon-nucleon interaction [27, 35] . Once the bound and continuum single-nucleon wave functions are determined, long-range correlations are taken into account by means of a CRPA approach based on a Green's function formalism. The CRPA describes an excited state as a linear combination of particle-hole (1p1h) and hole-particle (1h1p) excitations out of a correlated nuclear ground state
where C represents the complete set of quantum numbers of an accessible single-nucleon knockout channel. The RPA polarization propagator Π (RP A) is obtained by the iteration of the first order contributions to the particlehole Green's function Π (0) and is obtained as the solution to the equation
where E x is the excitation energy of the target nucleus and x is a shorthand notation for the combination of the spatial, spin and isospin coordinates. The Π (0) in Eq. (2) corresponds to the HF contribution to the polarization propagator andṼ denotes the antisymmetrized nucleonnucleon SkE2 interaction. The SkE2 interaction was optimized against groundstate and low-excitation properties of spherical nuclei. Its strength lies in its ability to describe nuclear excitations in the few 10s of MeV energy range. The same SkE2 twobody interaction, that is used to solve the HF equations, is used to calculate the CRPA polarization propagator. In order to restrain the SkE2 force from becoming unrealistically strong at high virtuality Q 2 , a dipole hadronic form factor is introduced at the nucleon-nucleon interaction vertices [33] . The continuum wave functions are obtained by solving the positive-energy Schrödinger equation with appropriate boundary conditions. Hence, the distortion effects (escape width) from the residual nucleons on the outgoing nucleon is taken into account. A folding procedure is used to take into account also the spreading width of the particle states [33] , which makes the description of giant resonances more realistic within the CRPA approach. In order to consider the influence of the nuclear Coulomb field on the outgoing lepton, a modified effective momentum approximation [36] is used. Further, to improve our description at higher momentum transfers, we have implemented relativistic kinematic corrections [37] . The world-averaged axial mass value M A = 1.03 GeV was used for all the calculations in this paper. [11] and T2K [12] (off-axis ND280) νµ fluxes.
III. CROSS SECTION ANALYSIS
Both MiniBooNE and T2K use a target rich in 12 C. Their fluxes [4, 11, 12] are slightly different, as shown in Fig 1. Both ν µ beams have average energies around 800 MeV while theν µ MiniBooNE beam has a slightly lower average energy. The T2K beam is more sharply peaked, and receives less contributions beyond 1 GeV, than the MiniBooNE one.
A. Flux-folded double differential cross sections
We present CC pure QE neutrino cross sections folded with the MiniBooNE flux in Fig. 2 . The top panels are plotted as a function of the muon scattering angle cos θ µ for several bins of muon kinetic energies T µ and the bottom panels are plotted as function of T µ for different ranges of cos θ µ . The calculated cross sections are averaged over the T µ and cos θ µ ranges. We compare HF and CRPA calculations with the experimental data of MiniBooNE [4] . The HF and CRPA calculations reproduce the shape of the measured cross sections. In the top panels, the CRPA cross sections are slightly higher than the HF ones for cos θ µ approaching 1, owing to extra contributions stemming from low-energy excitations. For forward scattering the 1p-1h CRPA model reasonably reproduces the data, whereas it tends to underestimate the measured cross sections at backward scattering. The measurement of CCQE neutrino [4] and antineutrino [11] stem from multi-nucleon correlations in the target nuclei. Those multi-nucleon processes (like meson-exchange currents (MEC), ∆-isobar currents and short-range correlations) give rise to additional sources of strength in the nuclear response: a correction in the single-nucleon knockout channel, and a non-vanishing strength in multinucleon knockout channel. The necessity to include multinucleon effects to successfully describe the CCQE Mini-BooNE data has been suggested [38, 39] and confirmed by several independent models [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] . As expected, the exclusion of multi-nucleon channels in this work, results in an underestimation of the data.
In Fig. 3 , we compare our flux-folded predictions for antineutrino cross sections with the MiniBooNE measurements of Ref. [11] . In this case, the CRPA predictions are closer to the MiniBooNE data than those for the neutrino calculations. This again confirms that the relative role of multi-nucleon excitations is more important for the neutrino than for the antineutrino cross sections, as discussed in Ref. [39] .
In Fig. 4, we [52] were included in these collaborations to describe the MiniBooNE data. These additional channels are not shown in Fig. 4 as we focused only on the pure QE channel. Still, one should be aware that the separation into different channels can be strongly model-dependent.
The T2K collaboration reported on CC-inclusive double-differential cross sections as a function of muon momentum p µ and scattering angle cos θ µ [12] , and CCQE total cross sections as a function of incident neutrino energies [24] . Ref. [53] finds a satisfactory agreement with the T2K data, after inclusion of multinucleon and single-pion production channels. On the other hand, the relativistic Green's function (RGF) approach of Ref. [54] , which successfully describes the MiniBooNE data, underestimates the T2K results. Another comparison is presented in the superscaling approach of Ref. [55] .
We have computed the T2K ν µ flux-folded QE doubledifferential cross sections. Our HF and CRPA results are confronted with the data in underestimate the data, as can be expected in absence of effects beyond QE. The underestimation is more pronounced for smaller values of p µ , which corresponds to the higher excitation energies where the inelastic channels beyond QE can be expected to have substantial contributions. For the most forward bin (0.94 < cos θ µ < 1.0), the CRPA cross section is higher than the HF one for p µ 700 MeV/c. This behavior can be attributed to giant-resonances contributing a portion of the CRPA strength.
B. Forward scattering cross section
In Ref. [33] , we stressed the importance of low-energy nuclear excitations for the forward muon scattering events in MiniBooNE and T2K. Here we compare the most forward bin of the MiniBooNE and T2K data sets to explore the contributions emerging from low-energy excitations in these experiments. A substantial amount of the cross section strength in this kinematic region, where the excitation energy of the nucleus is 50 MeV, arises from collective nuclear excitations. As we have shown in Fig. 14 of Ref. [33] and Fig. 9 of Ref. [34] , at these kinematics the longitudinal response generates major strength or comparable strength (depending on the neutrino energy) of the cross section with respect to the transverse response. Models that do not include collective effects can be expected to underestimate the data at small scattering angles. The RGF predictions for T2K [54] significantly underestimate the data for 0.94 < cos θ µ < 1. In Ref. [53] , even after the inclusion of multinucleon and one-pion production channels, which reproduced the data successfully in other angular bins, the prediction lacks strength in the forward bin. In Fig. 6 , we show HF and CRPA cross sections weighted with the T2K flux, for fixed neutrino energies from 300 MeV to 1000 MeV and for fixed scattering angle cos θ µ = 0.97. At these kinematics, the low-energy excitations significantly contribute to the cross section. In fact, the contributions from ω < 50 MeV processes constitute a large part of the cross section for most incoming neutrino energies contributing to this forward angular bin. As expected, the low-energy excitation peaks are more pronounced in CRPA calculation than in HF ones even up to incoming energies of E ν = 1000 MeV. Though, the total integrated strength of both HF and CRPA are almost same for E ν 700 MeV. Flux-folding of these cross sections washes out the low-energy excitation peaks and smooths the overall curve. Still, the important low energy strength remains. In Fig. 7 , we show the contribution emerging from lowenergy excitations (ω < 50 MeV) for the most forward bin of Fig. 5 . This strength accounts for nearly 50% of the cross section in this kinematic bin, representing lepton scattering angles up to 20°. The relativistic Fermi-gas (RFG) based models, implemented in Monte-Carlo generators, in principle are not suitable to provide a detailed description of this kinematic range. For the sake of completeness, in Fig. 8 we compare our flux-folded results for 0.90 < cos θ µ < 1 with the MiniBooNE measurements and separately plot the contribution from ω < 50 MeV. This hints at the importance of an accurate description of neutrino-induced low-energy nuclear excitations in the most forward MiniBooNE and T2K measurements.
C. Total cross section
In Fig 9, we compare the computed CCQE 12 C(ν µ , µ − )X and 12 C(ν µ , µ + )X total cross-section with the data of MiniBooNE [4, 11] and T2K [24] . Unlike the double-differential ones, the total experimental cross sections are model dependent as they are expressed as a function of reconstructed energy [56] [57] [58] [59] [60] , while the theoretical results as a function of true energy. On average, the strength of the MiniBooNE measurements is higher than the T2K 'QE-like' one. The measurements of these two data sets are quite comparable except for E νµ ≃ 1.2 GeV. The CRPA calculations are within the error bar of the T2K data, but underpredict the MiniBooNE ones. The CRPA results agree much better with the antineutrino measurement of MiniBooNE. The HF and CRPA cross sections in both the neutrino and antineutrino case are almost coinciding with each other except for E < 250 MeV where CRPA cross section is higher than the HF one.
IV. CONCLUSIONS
We have calculated ν µ -12 C andν µ -12 C cross sections in kinematics corresponding with the MiniBooNE and T2K experiments. We compared flux-folded double differential cross sections with CCQE ν µ andν µ MiniBooNE measurements, and with inclusive T2K (off-axis) measurements. The CRPA cross sections compare favorably to the shape but underestimate the MiniBooNE [4] , T2K (νµ) [24] and Mini-BooNE (νµ) [11] .
data for backward muon scattering angles. The missing strength can be associated with the contribution from multi-nucleon knockout and single-pion production processes. Still, a comparison of the flux-folded cross sections of MiniBooNE and T2K, shows that for forward muon scattering, the neutrino-induced low-energy nuclear excitations (ω < 50 MeV) account for nearly 50% of the flux-folded cross section. These contributions, inaccessible in RFG-based Monte-Carlo generators, make a strong case for a more careful modeling of the forward signal in MiniBooNE and T2K-like experiments.
